Searches for dark matter annihilation signals in the diffuse gamma-ray background are promising. We present the first comprehensive study utilizing both flux and anisotropy, using the example of a spectral line signal. Besides improving sensitivity, a combined analysis will help separately determine the particle properties of dark matter and the cosmological aspects of its clumping into halo substructure. The significance of a signal in a shot-noise-dominated anisotropy analysis increases linearly with time t, as opposed to √ t for a flux analysis, so a flux hint might be confirmed with an anisotropy signal. A first combined line search with Fermi-LAT would provide powerful new sensitivity; one with the proposed GAMMA-400 would be dramatically better.
Introduction.-Dark matter's presence in the Universe is inferred from its gravitational effects [1] , but its particle nature and small-scale clustering remain unknown. One method for probing dark matter is indirect detection, the search for astrophysical radiation, such as γ-rays, from dark matter self-annihilation or decay.
Unambiguous identification of dark matter annihilation radiation (DMAR) is challenging, and may require identification from multiple observation channels, such as dwarf galaxies [2] [3] [4] , the Galactic Center [5, 6] , neighboring galaxy clusters [7, 8] , and the diffuse γ-ray background (DGRB) [9] [10] [11] . The DGRB is particularly interesting because an observed signal would contain information about both the foreground distribution of dark matter in substructure of the Galactic halo, and throughout the large scale structure of the Universe beyond it. However, DGRB flux searches suffer from the dark matter's unresolved substructure effects being degenerate with its unknown annihilation cross section. Measuring both is required for understanding dark matter [12] .
We present the first comprehensive sensitivity study of both flux and angular power spectra of the DGRB to dark matter annihilation signals. We illustrate the methods with a spectral line [13, 14] , but the ideas are more general. We show how these methods can disentangle the dark matter particle properties from substructure effects in the DGRB, how properties of the γ-ray detector affect signal sensitivity, and surprises in the time dependence of the signals. Each of these is also new.
The fact that γ-ray anisotropies are potentially sensitive to the presence of annihilating dark matter in Galactic substructure was shown for the case of soft, continuous spectra [15] [16] [17] , where the dark matter signal flux spectrum can be confused with those from astrophysical sources. These works demonstrated how to utilize the angular power spectrum to break that degeneracy.
However, these methods have not yet been applied directly to hard spectra or, more specifically, spectral lines, despite their importance-they are a smoking-gun signature of annihilating or decaying massive particles. A hard spectral feature would appear in both the flux spectrum (due to the source injection spectrum) and fluctuation angular power spectrum (due to the angular distribution of the sources), independently from one another. As has been shown in a different context, the angular signature of γ-ray lines can be strong [18] .
There has been renewed interest in γ-ray lines with the hint of a signal from the Galactic Center region at an energy near 135 GeV in the Fermi-LAT data [19] [20] [21] [22] . A recent flux search for γ-ray lines was completed by the Fermi-LAT collaboration [23] . While the excess near 135 GeV appears statistically interesting, the feature is narrower than the instrument's energy resolution, thus driving the global significance of the signal to below 2σ. However, an explanation of the feature has not yet been confirmed. More data and investigation will clarify the feature [24] , as will improvements to event identification and reconstruction [25] . If the line is really from dark matter, the spectral feature will increase in significance, and begin to appear in other regions of the sky. Currently, the significance is decreasing [24, 26] .
In the following, we review the flux sensitivity to spectral lines in statistics-limited experiments, present the first sensitivity analysis of the γ-ray angular power spectrum to lines, describe the conditions under which the angular power is more sensitive than the flux spectrum, and, as an example, provide the first sensitivity predictions for the tentative 135 GeV line in the DGRB.
Number Flux Spectrum.-We first recall the traditional search of spectral lines with the flux spectrum.
A high-energy γ-ray experiment counts detection events, identifying their energy E and direction of origin n. With present experiments currently being statistics limited at high energies [23] , systematic uncertainties are neglected for the sake of this discussion. The number flux in an energy bin E i from a solid angle Ω is given by the number N of events via Φ = N/(ε Ω t), where ε and t are the instrument's effective area and livetime, respectively.
The line signal is taken to originate from dark matter self-annihilating with cross section σ. In the Galactic halo, the s-wave annihilation of identical dark matter particles, into a number N L of γ-rays per annihilation, produces a spectral line with flux in directionn of
where v is the relative velocity of the annihilating particles and m their mass. The J factor is the line-of-sight integration of the density ρ squared within our halo,
A typical value of mean J-factor from the Galactic halo over latitudes |b| > 30
• is J sm = 5 × 10 21 GeV 2 cm −5 , neglecting substructure. The effect of halo substructure is specified by a substructure boost factor B sub defined so that J = B sub J sm over high Galactic latitudes.
Equation (1) can be generalized to include annihilations beyond the Galactic halo, throughout the cosmos [27] . These additional signal γ-rays are important for flux spectrum searches for dark matter [12, 28, 29] , but are neglected to simplify this discussion.
A spectral line is detectable if the signal count N sig in the energy bin significantly exceeds the uncertainty σ N of the measured total count N γ . As long as the experiment is statistics-limited, then σ N = N γ , since N γ is a Poisson statistic. Detection of a line occurs (with a signal size of at least N σ standard deviations) within an energy interval comparable to the instrument's resolution, if the fractional flux over the smooth, diffuse background (e.g., as in [30] ) is greater than Φ line /Φ tot > ∼ N σ / N γ . Fluctuation Angular Power Spectrum.-We now introduce the line search via the small-scale angular anisotropies of the radiation.
An observable that provides a 2-point correlation of fluctuations on the sky is the fluctuation angular power spectrumC ℓ (E) = m |ã ℓm (E)| 2 /(2ℓ + 1), the mean square spherical coefficient at angular partition size ∆θ ∼ π/ℓ. It is derived from the decomposition of relative deviations from then-averaged flux Φ(E i ) in each energy bin E i ,
into a basis of spherical harmonics. (Alternatively, absolute deviations and the corresponding intensity angular power spectrum C ℓ (E) are sometimes used). The angular power (energy) spectrum of the diffuse γ-ray background was recently measured by the Fermi-LAT detector [31, 32] . A statistically significant error-weighted mean fluctuation angular power spectrum was found by averaging over multipoles 155 ≤ ℓ ≤ 504 in the energy range 1 GeV ≤ E ≤ 50 GeV split into 4 energy bins, with an average value of C 0 = (6.94 ± 0.84) × 10 −6 sr after foreground subtraction. The small magnitude of this amplitude is a great opportunity for the detection of even a faint dark matter annihilation signal, because Galactic substructure is currently expected to contribute a much larger fluctuation angular power [33] , as predicted by cosmological simulations [34] [35] [36] [37] .
When considering the sum of different γ emitters, each component of the fluctuation angular power spectrum is weighted by the flux ratio squared of the population j of emitters that contributes in energy bin ĩ
This follows when the intensity angular power spectra superpose linearly, C ℓ = C ℓ,1 + C ℓ,2 + · · · , and the fact that
. There will be cross-correlation terms if the population positions are correlated. For this discussion, the main populations are taken as uncorrelated, e.g., Galactic substructure is not correlated with unresolved extragalactic point sources.
We restrict the discussion to Galactic dark matter annihilation, although extragalactic power of the dark matter distribution may be made observable by crosscorrelating the γ-rays with cosmic shear [38] , or by having very bright annihilation emission in extragalactic halos [10, 33] . Then theC ℓ,j associated with dark matter are energy-independent and depend only on the dark matter's spatial distribution (it is the fluctuation angular power of the J-factor). Since the contribution from the smooth halo on small angular scales is suppressed in measurements that mask the Galactic plane, the dominant contribution is from halo substructure,C ℓ,sub .
Equation (2) shows the opportunity presented by the small measured value ofC ℓ below 50 GeV. The flux Φ sub of the annihilation from substructure does not need to be large to be observable inC ℓ (E). The sensitivity of the angular power spectrum to a spectral line can be determined, similar to the flux spectrum sensitivity.
The expected angular power spectrum from low counts of a purely isotropic source is due to shot noise, well described byC N = 4πf sky /N γ , where f sky is the fraction of the sky being observed and N γ is the number of detected γ-ray events [31] . Angular power in excess of the shot noise is the signal due to source anisotropy. Taking into account beam and mask effects, Fermi-LAT determines its signal angular powerC ℓ from the raw measured angular powerC 2 /2). As seen in Ref. [31] , Galactic foregrounds do not significantly affect the angular power for ℓ > ∼ 155. We assume the data to be statistics-limited at these small angular scales [31] , though a more thorough study of systematics is warranted. The statistical uncertainty of the measured angular power is [39] [40] [41] 
where
is the approximate number of γ-rays (for a Gaussian beam) when σC ℓ goes from being shot-noise-dominated, ∝ N −1 γ , to being statistically saturated, ∝C ℓ . Fermi-LAT will be shot-noise-dominated at high energies throughout the lifetime of the experiment. Thus, the precision of the angular power spectrum improves with time like N −1 γ ∝ t −1 , faster than the precision of the flux which improves like t −1/2 . This is a well-known result in cosmology, not previously noted for dark matter searches, and can be understood by the fact that angular power is a 2-point statistic. When the data are doubled, the number of ways to pair the data is quadrupled, and each pair is statistically independent when the data is noise dominated.
Mean-Weighted Angular Power and Line Sensitivity.-The error-weighted mean of the angular power spectrum over multipoles
has variance σ
In the limit ℓ 2 ≫ ℓ 1 , the sum can be replaced by an integral:
with
In addition to the shot-noise-dominated and statistically-saturated regimes, the weighted mean angular power also has a transition zone. These regimes are characterized by
Consider, for example, the Fermi-LAT analysis of the γ-ray diffuse background. Applying Eqn. (6) with ℓ 1 = 155 and ℓ 2 = 504 to the Galactic substructure model in Ref. [33] (which hasC sub,ℓ1 ≈ 0.048 sr) yieldsC sub ≈ 0.03 sr, over 4000 times larger than the background fluctuations measured by the Fermi-LAT. We now consider the sensitivity to a weak spectral line on a smooth background angular energy spectrumC 0 (e.g., extragalactic astrophysical sources). The condition for observing a line signature with a significance of at least N σ is, from Eqn. (2),
Therefore, the angular power spectrum will be sensitive to a spectral line from dark matter annihilation if
Even with the precision ofC improving like N −1 γ , the sensitivity to the dark matter flux only goes as N −1/2 γ (as it does for the flux search).
The condition for the angular power spectrum to be more sensitive to a weak spectral line than the flux spectrum at N σ sensitivity is
before statistical saturation. This shows how the anisotropy analysis becomes more important for higher nominal significances N σ . As would be expected, the anisotropy method also becomes more powerful for better angular resolution (small N γ σC ∼ σ b ) and largerC sub .
Calculated Sensitivity.-As a concrete example, consider the tentative Fermi γ-ray line at 135 GeV, produced by dark matter annihilating to two γ-rays with cross section σv = 10 −27 cm 3 s −1 . The line flux's nominal significance increases with t as
where F ≡ 1 + Φ BG /Φ sm involves the ratio of the DGRB flux Φ BG to the DMAR flux from a smooth Galactic halo profile Φ sm , and R Φ ≡ εΩf sky Φ sm /F . The background flux is calculated in an energy bin of the size of the instrument's energy resolution. Meanwhile, the fluctuation angular power spectrum's nominal significance can be seen to be
0.048 sr (B sub − 1) 
). This approximation is valid for the most relevant conditions, when B sub − 1 ≫ F th 0.03 sr/C sub , where we introduce F th ≡ F C 0 /0.03 sr (substructure below this threshold is difficult to probe with anisotropy), and N γ ≪ N ℓ1 (shot-noise-dominated experiment). With B sub above the threshold, the time to collect N ℓ1 photons is
, typically longer than the experiment lifetime for moderate values of B sub , where
When the uncertainties are Gaussian deviations, then the nominal significances we defined map to probability confidence intervals in the usual way. In the future, precise confidence intervals can be determined by Monte Carlo simulations, which would also take into account the systematic uncertainties of the detector.
For a future instrument such as GAMMA-400 [42] , where the expected angular resolution and energy resolution are both improved from Fermi-LAT by a factor of 10 and the effective area is about 5/8 smaller, the improved energy resolution affects both methods similarly, but the improved angular resolution gives added benefit to the anisotropy method. Table I specifies The parameter space where the 135 GeV line signal has a significance of 5σ (a plot at 2σ is in Fig. 1 of the Supplementary Material [43] ). The vertical lines are the flux sensitivity, while the diagonal curves are the anisotropy. We show the parameter regions where we expect to observe a signal after 1 year (soft lines) or 5 years (dark lines). Note the regions where there would be a signal in one analysis or both. Importantly, realistic dark matter scenarios are being probed and may be discovered with these methods (see text).
for each experiment, takingC sub,ℓ1 = 0.048 sr (note that N σ ∝C sub,ℓ1 for the anisotropy experiment, when B sub is above the threshold). Importantly, the angular signal's significance is not linear with time indefinitely (see Eqn. (8)). For the cases shown here, the lines remain essentially linear for decades. While the flux spectrum may have the first hints of a line at Fermi-LAT, the angular power spectrum is able to verify a discovery more quickly for brighter substructure. For GAMMA-400, the 135 GeV line is generally detected more easily in the angular power spectrum than in the flux spectrum. Successfully detecting the line inC depends on the values of B sub andC sub (which we treat as independent, free parameters) andC sub,ℓ1 (which for simplicity we fix to 1.6C sub ), whereas the flux detection depends only on the value of B sub . The parameter space accessible to each measurement is shown in Fig. 2 for the Fermi-LAT and GAMMA-400 experiments. The soft lines show the expected limits for observing a 5σ signal after 1 year of livetime, whereas the dark lines show the 5-year sensitivity [43] . IfC sub is sufficiently high, the signal becomes visible for smaller values of B sub than can be detected with flux methods alone. For Fermi-LAT, high N σ detection is more likely to occur first in the anisotropy signal ifC sub > ∼ 0.01 sr. In GAMMA-400, the anisotropy signal is important as long asC sub > ∼ 0.001 sr.
In the weak-signal limit (B sub Φ sm ≪ Φ BG ), the sensitivity of B sub in the flux analysis scales for other dark matter lines as m 2 (σv) −1 , whereas the sensitivity ofC sub in the anisotropy analysis scales as m 4 (σv) −2 . Observation of a line in both Φ(E) andC ℓ (E) fixes the relation betweenC sub ,C sub,ℓ1 , and B sub , but these parameters may be related in a variety of substructure models, permitting the valuesC sub and B sub to be extracted within particular theoretical substructure frameworks. Knowledge of the line's energy, flux, and B sub then allows the determination of σv and m.
Conclusions.-A combined sensitivity analysis of the flux and angular power energy spectra of a γ-ray line in the DGRB from annihilating dark matter shows that a combined search increases the sensitivity over using either method alone. Signals in both observables would allow determination of the annihilation cross section and halo substructure properties; both are needed to understand the nature of dark matter [12] . While flux searches increase in sensitivity like √ t, angular spectrum signals increase significance more rapidly, like t. The presence or absence of the 135 GeV line signal in the 5-year Fermi-LAT DGRB flux and anisotropy data will have interesting consequences for the question of the line's existence. Angular spectrum searches become much more sensitive in a proposed experiment like GAMMA-400. The methodology we presented will generalize to continuum spectra, and most directly to spectra that have most of their detectable signal over background in one energy bin, which is typical.
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